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Abstract: In genetic algorithms, Bethke’s Walsh schema transform asserts that a schema’s 
average fitness is a certain alternating sum of the Walsh coefficients of those Walsh partition 
elements that subsume the schema. We provide a primer on this result. For readers familiar with 
linear algebra and Walsh functions, our proof is short and direct.

For completeness we begin with definitions and results from linear algebra. A fine reference is 
[3]. The reader already familiar with vector spaces can skip to section 2.

1. Vector space review

A vector space over the reals  is a set V of vectors, equipped with two operations:

(i) addition of vectors, + : , under which V is a commutative group with identity, 
denoted , the zero vector.

(ii) scalar multiplication, • :  (normally one writes  instead of ).

Additionally it is assumed the operations interact according to the rules (for arbitrary 
) :

(i)

(ii)

(iii)

(iv)

Certain properties follow, including

 , any , where 0 is the zero of .

, any .

Subset  is a (vector) subspace of V if the addition of any two elements of W is again an 
element of W, and any scalar multiple of any element of W is again an element of W. Thus, W is a 
vector space under the operations inherited from V.

If Γ is a set of vectors, then a linear combination of elements of Γ is a vector of the form 
Σfinite , where  and . The set of linear combinations of elements of Γ is a subspace 
of V. A set Γ of vectors spans a subspace W if W is the same as the set of all linear combinations of 
elements of Γ. A set Γ of vectors is linearly independent if the only linear combination Σ  of 
vectors  that results in the zero vector  is the trivial one: each  is the real zero 0. A basis 
for a vector space V is a set of vectors which are linearly independent and also span V. It is a well-
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known fact from linear algebra that any two bases for V must have the same cardinality (same 
number of elements); this common cardinality is the dimension of V.

 is a vector space over itself, with dimension 1; any single non-zero element of  is a basis.

A function  :  between vector spaces is linear if . It 
follows that in general f(Σ ) = Σ .

An inner product on a vector space V is a function of two arguments  : , satis-
fying

1. it is (separately) linear in its two arguments, that is, for any ,  :  is linear, 
and also   :  is linear;

2. , all ;

3. , all , and equals 0 only if .

Two vectors  are orthogonal if . Define  . [Then it so happens that  
is what is termed a norm (which concerns the notion of size) on V, and setting  
defines what is termed a metric (the notion of distance) on V.] A unit vector is a vector  such that 

.

If Γ is a basis for V, then since Γ spans V, any vector  can be represented  = Σ  as 
some linear combination of vectors , and since Γ’s elements are linearly independent, there 
is only one such representation. If additionally the elements of Γ are pairwise orthogonal unit 
vectors, then the scalars  can be easily calculated:

Here the orthogonality of Γ made the sum simplify to one term.

2. Function spaces

Let X be a finite set. Then the set of all functions f :  is a vector space over  under the 
point-wise operations:

(f + g)(x) = f(x) + g(x)

(λf)(x) = λ f(x), any x ∈  X

Letting  denote the cardinality of X, then

defines an inner product on this vector space. A basis for this vector space is provided by the set of 
functions {δx}x∈ X where δx is defined δx(y) = 1 if x=y but δx(y) = 0 otherwise; δx is termed point-
mass at x (and sometimes termed a Kronecker delta function). It is easy to see that this family of 
functions forms an orthogonal basis (though not of unit vectors); the corresponding unique repre-
sentation of a vector (which you recall is a function) is f = Σx∈ X f(x)δx; i.e., the coefficient λx for 
δx is f(x). In particular we note that the dimension of this vector space is .

3. Walsh schema transform

Now we consider the set {0,1}l of length l bit strings, which we denote Π (for patterns). The 
set of functions f : Π →  is a vector space V over , with dimension  = 2l. We equip this 
vector space with the inner product 
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[In preview, we alert the reader that, as will be seen, a length l bit pattern (an element of {0,1}l) 
will wear two hats. Thought of as an element x in the domain Π, it can be an argument to a Walsh 
(or any other) function, and can belong to the subset determined by a schema. Thought of as an 
index j of a Walsh function, it collects together a family of schema, which family partitions Π.]

For each length l bit pattern j, define the jth Walsh function Ψj :Π →  as follows: Let x be an 
arbitrary element of the domain Π. If the bitwise-and  has an even number of 1’s, then Ψj(x) 
= +1, else Ψj(x) = −1. Put another way: the 1’s in bit pattern j act as a mask on the bits of x; if the 
masked bits of x have even parity then Ψj(x) = +1, else Ψj(x) = −1. The 1’s in j are termed its 
masking bits.

Claim 1: The set of functions {Ψj}j∈Π  are pairwise orthogonal.

Proof: If j ≠ k then they differ at some bit position i; then one of j,k masks position i but the 

other does not. Define the function c :Π → Π by c(x) = the same bit pattern as x except that one 

bit, the ith one, has been flipped. Note that c(c(x)) = x and that mapping c is one-to-one and onto. 
Compared to the values of Ψj(x), Ψk(x), exactly one of Ψj(c(x)), Ψk(c(x)) has changed sign. There-

fore in the sum Σx∈Π Ψj(x)Ψk(x), each addend Ψj(x)Ψk(x) is cancelled out by the corresponding 

one Ψj(c(x))Ψk(c(x)) and so the sum is zero. Therefore  is zero. []

It is easily seen that each Ψj is a unit vector. Since there are enough Ψj’s, namely 2l of them, 
we conclude {Ψj}j∈Π  form a basis (of orthogonal unit vectors) for vector space V. Any function 
f :Π →  is representable f = Σj∈Π ωjΨj where the jth (Walsh) coefficient ωj for f must be 

.

Now we consider schemas. A length l schema is any element of {0,1,*}l, where * is termed the 
don’t-care symbol. The components of a schema which are 0 or 1 (i.e., which are not the don’t-care 
symbol *) are said to be fixed.

If j is a length l bit pattern (such as used to index the Walsh functions), define its order o(j) to 
be the number of 1’s in j (the number of masking bits in j). Such a j can be considered to correspond 
to (or collect) a certain family of schema, namely: the schemas associated with j are the ones whose 
fixed bits occur in exactly the same bit positions where j’s masking bits (1’s) occur. Plainly there 
are 2o(j) schemas associated with j.

On the other hand, each schema σ determines a subset , namedly x∈ Sσ if and only if x 

is identical to σ in all bit positions where σ has fixed bits 0,1 (off the fixed bits of σ, we “don’t 
care” what x is). If we define the order o(σ) of σ to be the number of fixed bits (the number of non-

*’s) in σ, then the cardinality of Sσ is 2l−o(σ) (there are as many elements in Sσ as there are ways 

of “fix”ing the *’s). We often abuse notation and identify schema σ with its associated Π-subset Sσ.

f g〈 | 〉
1
Π
-------Σx Π∈ f x( )g x( )=

ℜ
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Let j be a length l bit pattern. A little reflection shows that the schemas σ that are associated 
with j partition the domain Π. For this reason, j is sometimes termed a Walsh partition. Additionally 
we observe that Ψj is constant (with constant value +1 or −1) on the subset Sσ of any schema σ 
associated with j.

We say partition j subsumes schema σ if σ is a subset of one of the schemas associate with j. 
Equivalently, each masking bit of j masks a fixed bit of σ (each 1 in j masks a non-* in σ). Plainly 
there are 2o(σ) j’s that subsume σ. The lower the order of σ, the fewer the j’s that subsume it.

Let σ be a schema, (let us identify σ with Sσ,) and define its characteristic function χσ by χσ(x) 

= 1 if x∈σ , but χσ(x) = 0 otherwise. Function χσ, like any other function, has a Walsh representa-

tion, χσ = Σjωj,σΨj, where ωj,σ =  = 1/2l Σx∈Π  χσ(x)Ψj(x) = 1/2l Σx∈σ  Ψj(x). If j subsumes 

σ then Ψj is constant over subset σ with a constant value that is either +1 or −1; we denote this 

constant value by Ψj(σ). In this case ωj,σ = Ψj(σ) / 2o(σ).

Claim 2: If j subsumes σ then ωj,σ = Ψj(σ) / 2o(σ), otherwise ωj,σ = zero.

Proof: It only remains to prove the second assertion. If j does not subsume σ, some masking 
bit in j occurs in the same bit position, say i, as a * occurs in σ. Define c:Π → Π by c(x) = the same 
bit pattern as x, but after flipping the ith bit in x. Note x∈σ  if and only if c(x)∈σ , and that Ψj(x) and 
Ψj(c(x)) are of opposite sign. Therefore these two terms cancel in the sum Σx∈σ Ψj(x), and hence 
ωj,σ = 0. []

Now let F :Π →  be any function, such as the fitness function of a genetic algorithm. The 
average value of F over (the subset of) schema σ is

where the last equality holds because the Ψj’s are orthogonal unit vectors. Continuing, the last 
expression = 

Thus we have Bethke’s result:

The Walsh schema transform: The average value of F over schema σ equals

where Ψj(σ) is the constant value ±1 that Ψj takes on over schema σ, and ωj is F’s jth Walsh coef-
ficient.

χσ Ψj〈 | 〉

ℜ

1
σ
------Σx σ∈ F(x)

1
σ
------Σx Π∈ F(x)χσ x( ) 2o σ( ) F χσ〈 | 〉= =

2o σ( ) Σiϖi F, Ψi Σkϖk σ, Ψk〈 | 〉 2o σ( )Σjϖj F, ϖj σ,= =

2o σ( ) ϖj F, ϖj σ,
σ

∑ ϖj F, Ψj σ( )
σ

∑=

ϖjΨj σ( )
σ

∑



page 5
References:

1.  Bethke, A. D. (1981). Genetic algorithms as function optimizers. Doctoral dissertation, Depart-
ment of Computer and Communication Sciences, University of Michigan, Ann 
Arbor.

2.  Goldberg, D. E. (1989). Genetic algorithms and Walsh functions: Part I, a gentle introduction. 
Complex Systems 3, pp. 129-152.

3.  Hoffman, K., and Kunze, R. (1961). Linear Algebra. Prentice-Hall, Englewood Cliffs, NJ.


	Technical Report
	A primer on Bethke’s Walsh schema transform
	1. Vector space review
	2. Function spaces
	3. Walsh schema transform
	References:
	1. Bethke, A. D. (1981). Genetic algorithms as function optimizers. Doctoral dissertation, Depart...
	2. Goldberg, D. E. (1989). Genetic algorithms and Walsh functions: Part I, a gentle introduction....
	3. Hoffman, K., and Kunze, R. (1961). Linear Algebra. Prentice-Hall, Englewood Cliffs, NJ.



